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Tm INFLUENCE OF LATERAL FLOU 
ON 
EXOSPHERIC DENSITIES 
I John Robert YcAfee, Ph-D, 
Univers i ty  of P i t t s b u r g h  1965 
Lateral flow In a c o l l i s i o n l e s s  exosphere a t  t h e  top 
of t h e  e a r t h ' s  atmosphere is c a l c u l a t e d  f o r  a s p h e r i c a l  
geometry. The model c o n s i s t s  of an exobase su r face  below 
which a Maxwellian U l s t r i b u t i o n  i s  assumed and above which 
particles describe e l l i p t i c a l  orbitso The n e t  flux i n t o  t h e  
exodase surface is t h e  difference between t h e  flow i n  from 
a l l  o t h e r  p o i n t s  on t h e  surface and t h e  flow o u t  from below. 
The d i f f e r e n c e  arise3 from both v a r i a t i o n s  i n  d e n s i t y  and 
terperature on the exobase surface, The ne t  fluxes c a l c u l a t e d  
for atomic oxygen and molecular nitrogen and oxygen are too 
su l l  t o  cause a departure from dirfusive equi l ibr ium,  The' 
flux for  helium toward t h e  n i g h t  s i d e  could be sunported Ipr 
diffusion but I s  s u f f i c i e n t l y  large t o  ques t ion  t h e  assumption 
of d i f f u s i o n  c?quilibrium, The hydrogen f lux i s  l a r g e r  than  
can tie wppor t ed  by d i f f u s i o n  from below and would n e c e s s i t a t e  
a more compllcated approach t o  c a l c u l a t i o n s  of its d e n s i t y  
d i s t r ibu t ion ,  
' 
I n  any case, t h e  hydrogen night- t ime bulge 
would p e r s i s t .  The major e f f e c t  on exospheric d e n s i t i e s  of 
helium and hydrogen would come i n d i r e c t l y  because of their 
departuk from d i f f u s f v e  equi l ibr ium i n  t h e  region below 
and hence t h e i r  chanee i n  d e n s i t y  a t  t h e  exobase su r face  
at* and corresponding change i n  exospheric  dens i ty .  
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The usual method for determining t h e  t h e o r e t i c a l  
composition of t h e  heterosphere i s  t h a t  of solving t h e  
problem of d i f f u s i n g  gases for a s p h e r i c a l l y  symmetric 
atmosphere with time independent parameters (see f o r  instance 
hocka r t s  and MI c o l e t  192 , Godart and Nicolet3,  or Van Zandt 
and Knecht ) S t a t i c  ( d i f f u s i v e  equi l ibr ium) s o l u t i o n s  
a r e  found a s  a func t ion  of t h e  a l t i t u d e  temperature p r o f i l e  
which i s  usua l ly  assumed t o  be dependent only upon t h e  
exospheric  temperature,  Hence, t h e  v e r t i c a l  composition i n  
4 
any l o c a l  region i s  presumed t o  be a func t ion  only of t h e  
exospheric  temperature overheado This  i s  of course an  ideal- 
i z a t i o n  s ince  t h e  atmosphere is not s p h e r i c a l l y  symmetric, 
nor I s  it  time independent, I n  fact  t h e  temperature of t h e  
exosphere v a r i e s  between night and day a s  we l l  a s  w i t h  t h e  
sunspot cyc le ,  Accordingly, t h e  compositions der ived s t a t i e  
c a l l y  as above would then  vary i n  t h e  same manner. Hence, 
by t h i s  reasoning, l a t e r a l  g r a d i e n t s  i n  dens i ty  a s  w e l l  a s  
i n  temperature must exist,, A n a t u r a l  ques t ion  would then  
be: do these  l a t e r a l  g rad ien t s  a f f e c t  t h e  he te rospher ic  
composftion, and i f  so, i n  what way and t o  what degree? 
One non-s ta t ic  e f f e c t  h a s  a l ready  been inves t iga t ed ,  
namely t h a t  of t h e  planetary esoape of hydrogen, f i r s t  
proposed by Jeans The f a c t  t h a t  there can be an apprec i ab le  5 
hydrogen escape f l u x  n e c e s s i t a t e s  a s teady s ta te  s o l u t i o n  t o  
t h e  d f f f u s i o n  equat ion  which i s  r a d i c a l l y  d i f f e r e n t  t h a n  t h e  





o r  Figure  11). This  i s  s t i l l  a ease of cons ider ing  loeaL 
cond i t ions  only s ince  t h i s  d i f f u s i o n  i s  presumed v e r t i c a l  
and dependent only upon t h e  overhead exospheric temperature,  
T h i s  model, however, d id  lead t o  the  f i r s t  cons idera t ion  of 
t h e  possible effect  of l a t e r a l  flow because of t h e  r e s u l t a n t  
"night-t ime bulgeWo 
The removal of hydrogen due t o  escape c r e a t e s  a l a r g e  
d i u r n a l  v a r i a t i o n  i n  i t s  dens i ty  i f  t h e  s teady-s ta te  d i f f u s i o n  
equat ions  a r e  app l i ed ,  Since t h e  escaping f l u x  i s  much 
g r e a t e r  on t h e  hot day s f d e ,  t h i s  removal reduces t h e  daytime 
hydrogen d e n s i t i e s  much more severely than on t h e  n igh t  sfde. 
Hence, t h e r e  should be rmm hydrogen on the  n igh t  side of t h e  
earth than on t h e  day side, T h i s  d iu rna l  hydrogen v a r i a t i o n  
h a s  been of fered  as an  explanat ion of t h e  observat ion of a - 
l a r g e  n ight  time Lyman - o< i n t e n s i t y  by Donahue Calcu- 
l a t i o n s  by Thomas7 and Donahue and Thomas' have shown t h a t  
t h e  t r a n s p o r t  of resonance r a d i a t i o n  from t h e  day t o  n igh t  
s i d e  might produce t h e  observed i n t e n s i t i e s  i f  there i s  a 
s u f f i c i e n t l y  large d iu rna l  v a r i a t i o n  i n  t h e  hydrogen d e n s i t i e s ,  
6 
This  approach by Donahue has  drawn considerable  
9 o b j e c t i o n  from Hanson and P a t t e r s o n  on t h e  grounds t h a t  
a l a r g e  d i u r n a l  v a r i a t i o n  would be quickly wiped out by a 
l a t e ra l  mass flow out of t h i s  night-time bulge,  Thei r  
estimate of t h e  l a te ra l  flow i nd ica t ed  j u s t  t h i s ,  Improve- 
ments i n  t h e i r  model by Donahue and McAfee 
suggest  t h a t  t h i s  is  not  t h e  case ,  and t h a t  furthermore,  
a n  apprec iab le  n i g h t  time bulge i s  demanded by l a t e r a l  f low, 




v a r i a t i o n ,  s ince  t h e  temperature induced flar would be from 
t h e  day t o  t h e  n ight  side, 
Experimental  evidence for t h e  ex i s t ence  of a l a t e r a l  
11 
flow has been d i s w v e r e d  by Reber and Nicolet I n  t h e  
i n t e r p r e t a t i o n  of mass spectrornetrfc d a t a  from t h e  Explorer 
XVII sa te l l i t e ,  they conclude t h a t  a t  a l t i t u d e s  greater than 
400 k i lometers  any explana t ion  must include ho r i zon ta l  g rad i -  
ents and mass t r a n s p o r t  near s u n r i s e o  The p o s s i b i l i t y  t h a t  
helium is not  i n  d i f f u s i v e  equi l ibr ium i s  a l so  suggested by 
t h e i r  d a t a ,  and t h i s  might be a t t r i b u t a b l e  t o  a l a t e r a l  flow 
of helium. 
It would then  seem t h a t  t h e  p o s s i b i l i t y  t h a t  l a t e r a l  
f l o w  i s  a l e g i t i m a t e  and observable effect  i s  one t h a t  should 
b e  considered,  
must be answered including the  obvious ones of t h e  magnftude 
and form of t h e  la teral  flow a s  w e l l  a s  o t h e r s  such a s  t h e  
times involved, t h e  reac t ion  of t h e  atmosphere t o  t h e  flow, 
and how t h e  flow might a f f e c t  observat ions,  The e f f o r t  here 
has  then been t o  c a l c u l a t e  t h i s  l a t e r a l  mass flow f o r  as 
real is t ic  condi t ions as poss ib le  as w e l l  a s  t o  determine i t s  
p o s s i b l e  effect upon heterospheric  densit ies. ,  
I n  such a determinat ion s e v e r a l  ques t ions  
2 , 0, MODEL OF THE HETEROSPHEZB 
Before any meaningful c a l c u l a t i o n s  of l a te ra l  flow 
can be performed it  i s  necessary t o  begin with an  i n i t i a l  
model of t h e  heterosphere.  Since t h e  parameters descr ib ing  
t h i s  region are by no means accu ra t e ly  determined a t  t h i s  
time, any model must contain a number of assumptions, 
I d e a l l y ,  c a l c u l a t i o n s  should be made based upon a l l  of t h e  
var ious  models which might be app l i cab le ,  
n a t e l y  impractica:  3ue t o  the  l e n g t h  of time involved. 
Therefore ,  a s ing le  t y p e  of model has  been used which i s  
hoped t o  at l e a s t  represent  t h e  ha:& rjf t he  atmospheric 
p r o p e r t i e s  , 
T h i s  fs unfortu- 
She heterosphere or non-mixing region,  assumed here  
t o  begin a t  an a l t i t u d e  of 120 k i lometers ,  can be divided 
i n t o  two main p a r t s ,  an  endosphere (or di f fusosphere)  and 
a n  exosphere, 
above 120 k i lometers  where d i f f u s i o n  i s  t h e  c o n t r o l l i n g  
process.  
due t o  t h e  reduct ion i n  dens i ty ,  
t u d e s  they become so infrequent  t h a t  they may be neglected,  
T h i s  reg ion  where c o l l i s i o n s  a r e  neglected i s  c a l l e d  t h e  
exosphere,  
tween the  endosphere and exosphere, but for purposes of 
c a l c u l a t i o n ,  i t  i s  assumed t h a t  t h e  change i s  sharp and 
occurs  a t  t h e  base of t h e  exosphere,  or exobase. 
The endosphere i s  considered t o  be t h e  region 
A t  higher  a l t i t u d e s  c o l l i s i o n s  become less f requent  
A t  s u f f i c i e n t l y  high a l t i -  
There w i l l  n a t u r a l l y  be a t r a n s i t i o n  region be- 
4 
.- 4' e 








Neither t h e  quest ion of ver t ica l  p r o f i l e  nor lateral 
d i s t r i b u t i o n  of temperature i n  t h e  heterosphere has  been 
resolved t o  t h e  s a t i s f a c t i o n  of most i n v e s t i g a t o r s ,  
assumptions for t h e  values  of temperature are a necess i ty  
However, 
since temperature i s  t h e  primary parameter which w i l l  determine 
t h e  dens i ty  d i s t r i b u t i o n s  i n  t h e  model used here, Hence, It 
i s  important t o  make an attempt t o  consider  t h e  best form 
PO s s i b h  0 
Direc t  temperature measurements have been made i n  
by a n a l y s i s  12-18 t h e  lower heterosphere by Blamont e t  al 
of t h e  Doppler l ine  p r o f i i e  of resonance r a d i a t i o n  from 
sodium and o t h e r  elements which have been i n j e c t e d  i n t o  t h e  
atmosphere a t  var ious  a l t i t u d e s  and allowed t o  come i n t o  
thermal equi l ibr ium with the l o c a l  gas.  Some r e s u l t s  of t h i s  
t ype  of expsriment are  shown i n  figure 1, 
t w r a t u r e  -which is more moderate than  that used i n  
some previous models (for i n s t ance  Kockarts and Nieolet  
and an isothermal region In  +he upper heterosphere,  The 
They i n d i c a t e  a 
192) 
temperature of t h e  Isothermal region will be referred t o  as 
t h e  e x o ~ p h o r i c  temperature,  
d a t a  near  200 km I s  b a s i c a l l y  for per iods  of low s o l a r  
a c t W Z t y  only and some type of ex tens ion  must be made t o  
h igher  exospheric temperatures,  Two t y p e s  of behavior were 
considereds f i r s t ,  a cont inua t ion  of the  temperature 
gradient and a r e l a t i v e l y  sharp turnover  t o  an isothermal 
r eg ion  a t  some h i g h e r  l e v e l  {Model A ) ?  and second, a more 





















Figure 1 Experimental temperature measurements of' Blamont 




















and more gradual  turnover  t o  the  isothermal  region as  t h e  
exosphere temperature becomes larger  (Xodel B), 
models are shown i n  f i g u r e  2. 
The tm  
Fur the r  evidence for t h e  v a l i d i t y  of t h e s e  models 
7 
has  been supplied by Hedin,  Avery, and TschetterlS and Hedln 
20 and N f e r  r h o  have made an independent measurement of t h e  
temperature profile d t h  a l t i t u d e  by an a n a l y s i s  of t h e  
behavior of mass spectrometrfc measurements as  a func t ion  of 
t h e  ang le  of rocket  attack, 
ment with t h e  chemical r e l ease  measurements. 
These r e s u l t s  a r e  i n  good agree- 
One quest ionable  f ea tu re  of t h e  models chosen i s  
t h e  f a c t  t h a t  t h e  exospheric temperature v a r i a t i o n  i s  assumed 
t o  a f f e c t  only t h e  upper p a r t  of t h e  temperature p r o f i l e .  
The errors involved i n  t h e  chemical r e l ease  measurements (see 
f i g u r e  1) are s u f f i c i e n t l y  large t o  allow a good d e a l  of 
f l u c t u a t i o n  i n  the  behavior of t h e  temperature p r o f i l e  a t  
lower a l t i t u d e s ,  
changes i n  t h e  behavior of t h e  temperature near  120 km wi th in  
21 
It has been pointed out by Zipf t h a t  small 
t h e  experimental  e r r o r s  can have a l a r g e  effect  upon t h e  
eventua l  d e n s i t i e s  of t h e  var ious important c o n s t i t u e n t s  a t  
h ighe r  a l t i t u d e s .  
however, for purposes of ca lcu la t ion  here, any low a l t i t u d e  
temperature f l u c t u a t i o n s  have been igncred. 
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Model B --- 














The endosphere i s  de f ined  a s  t h a t  reg ion  of t h e  
he te rosphere  i n  which d i f f u s i o n  i s  t h e  dominant p rocess  i n  
c o n t r o l l i n g  t h e  d i s t r ibu t ion  of dens i ty ,  Below t h e  lower 
boundary of t h e  endosphere t h e  atmosphere i s  mfxed by turbulent 
d i f f u s i o n  so t h a t  t h e  r a t i o  of d e n s i t i e s  between t h e  va r ious  
c o n s t i t u e n t s  remains fixed (d is regard ing  loca l  e f f e c t s  such 
a s  caused by chemical or photochemical e f fec ts ) ,  The a l t i t u d e  
a t  which d i f f u s i o n  rep laces  mixing, t h e  turbopause,  is an 
important  parameter, s ince  t h e  theore t ica l  d e n s i t y  p r o f i l e  of 
i n d i v i d u a l  c o n s t i t u e n t s  may be q u i t e  d i f f e r e n t  i n  a mixing ais 
opposed t o  a d i f f u s i n g  region, It i s  poss ib l e  t h a t  t h e  turbo-  
pause may vary with season, s o l a r  c y c l e ,  l a t i t u d e ,  loca l  t i m e  
or o t h e r  parameters,  
m e r i m e n t s  sueh a s  n e u t r a l  mass spec t romet r ic  rocket 
probes (see f o r  i n s t a n c e  Meadows and Tomsend22p Pokhunkov 23 
24 
Headow -Reed and Smith o r  Schaefer  and have 
placed t h e  turbopause a t  about 110 km, Kockarts and Nicolet 
have i n v e s t i g a t e d  t h e o r e t i c a l l y  t h e  effects  of d i f f e r e n t  turbo-  
1 
pause levels upon t h e  d e n s i t y  d i s t r i b u t i o n s  above and have 
found f o r  example t h a t  the helium d e n s i t y  a t  120 km varies by 
a f a c t o r  of 10 for turbopause va lues  of 100 o r  120 km, s i n c e  
t h e  helium scale he ight  is much g r e a t e r  than t h e  atmospheric 
scale height  i n  t h i s  region, The heavier  elements a r e  not 
affected a s  severe ly  since t h e i r  scale h e i g h t s  do not  d i f f e r  
g r e a t l y  from t h e  atmospheric scale he igh t ,  On t h e  o t h e r  hand, 
by t h e  same reasoning hydrogen should show an even larger  
9 
10 
discrepancy s ince  its scale he ight  is even l a r g e r  than t h a t  
of helium, As h a s  been pointed out by Kockarts and Nicolet  
however, t h i s  i s  not t h e  case. 
l a t e r ,  t h e  hydrogen dens i ty  p r o f i l e  follows t h e  atmospherfc 
dens i ty  p r o f i l e  f a i r l y  c lose ly  i n  t h i s  region because hydro- 
gen is probably not i n  d i f f u s i v e  equi l ibr ium, 
i t  has  been pointed out by Van Zandt and Knecht t h a t  t h e  
d i u r n a l  
a f e w  k i lometers  due t o  t h e  slowness of d i f f u s i o n  i n  t h i s  
region 
1 
I n  f a c t ,  as w i l l  be shown 
Furthermore, 
4 
v a r i a t i o n  of t h e  turbopause l e v e l  can vary only by 
Since  t h e  in te res t  here  is i n  d i u r n a l  e f f e c t s ,  and 
s i n c e  f irst ,  the  turbopause l e v e l  should not  show a l a r g e  
d i u r n a l  v a r i a t i o n ,  and second , t h e  v a r i a t i o n  should only 
a f f e c t  helium t o  a no t i ceab le  degree, i t  has been assumed 
t h a t  t h e  d e n s i t i e s  of t h e  va r ious  c o n s t i t u e n t s  a t  120 km 
are  independent of any tarbopause e f f e c t s ,  This  i s  t o  say 
t h a t  d e n s i t i e s  i n  t h e  mixing region a r e  unaffected by t h e  
v a r i a t i o n  of o the r  parameters such as exospheric  tempera- 
t u r e .  
a cons tan t  normalizat ion dens i ty  a t  120 km w i l l  be used for 
Hence, for t h e  c a l c u l a t i o n  of d e n s i t i e s  above 120 km, 
each c o n s t i t u e n t  These normalization d e n s i t i e s  are shown 
i n  Table  1, Values for atomic oxygen, and molecula r n i t rogen  
and oxygen were chosen t o  agree w i t h  Hedin and Nier and 20 
Nier e t  alz6. The helium value is an approximate f i t  t o  
t h e  Explorer  XVII data  of Reber and N i c o l e t l l ,  The hydrogen 
va lue ,  very approximate, is about three times t h a t  of 
Kockarts and Nicolet’, as  suggested by D ~ n a h u e ~ ~  from 
photometric observa t ions  e 



















Table 1, D e n s i t y  normalizat ion a t  120 km, 
02 
10 
N2 Const i tuent  H H e  0 
10  4x10 Number dens i ty  6x10 2x10 4,5xlO 3 e 5 ~ 1 0  
a t  120 km 
5 7 
The popular model for t h e  endosphere i s  t o  assume 
t h a t  t h e  var ious  c o n s t i t u e n t s  are i n  d i f f u s i v e  equi l ibr ium, 
The d i f f u s i o n  equat ions  a re  solved i n  appendix A and t h e  
d i f f u s i v e  equi l ibr ium so lu t ion  from equat ion (46) i s  
where i refers t o  the i t h  c o n s t i t u e n t ,  The number d e n s i t i e s  
as so ca lcu la t ed ,  using the temperature p ro f i l e  of Model A 
i n  f i g u r e  2, are given i n  t a b l e s  2-5 f o r  exospheric tempera- 
t u r e s  of 70C K, 1000°K, 15OO0K, and 2100% respec t ive ly .  
AJso included i n  t h e s e  t a b l e s  a r e  t h e  temperature,  t o t a l  
d e n s i t y  , n, where 
0 
- 
and t h e  mean molecular mass, m ,  where 
n 
.. -c 
1 2  























Table 3 0  Atmospheric parameters f o r  1000° exospheric k 
temperature and diffusive equilibrium ( (k) = 10 ) 





















Table 4, Atmospheric parameters for 1500' exosPh@rfc 















































Table 50 Atmospheric parameters for 2100' exospheric k 
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. Figure  3s Hydrogen d e n s i t i e s  f o r  d i f f u s i v e  equ i l ib r ium 
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Figure  4, Helium d e n s i t i e s  f o r  d i f f u s i v e  equi l ibr ium 





Figure 5.  Atomic oxygen dens i t i e s  for d i f f u s i v e  equilibrium 
and temperature Model A ,  
1 ol' 
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Figure 6 ,  Molecular nitrogen d e n s i t i e s  for diffusive 
equilibrium and temperature Model A .  
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Figure 7 o  Molecular oxygen d e n s i t i e s  f o r  d i f f u s i v e  
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Figure 8,, Total dens i t i e s  f o r  d i f fus ive  equilibrium 
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22 
Figure 9 e  Mean molecular mass for d i f f u s i v e  equilibrium and ’ 
temperature Model A ,  
7 
due t o  using Y o d e l  B r a t h e r  than  A are not  p a r t i c u l a r l y  
s i g n i f i c a n t  as aay be seen by t h e  comparison of t h e  two 
models f o r  t h e  2100* case (it r e s u l t e d  i n  t h e  largest differ- 
ence)  i n  f i g u r e  10. Hence f o r  f u r t h e r  c a l c u l a t i o n ,  Model A 
has been used. 
2.3. Exosphere 
The d i f f u s i o n  t h a t  determines d e n s i t y  d i s t r i b u t i o n s  
i n  t h e  endosphere is based  upon a h igh  frequency of c o l l i s i o n s  
between t h e  var ious  atoms and molecules. 
where t h e  dens i ty  becomes r e l a t i v e l y  small t h i s  i s  no longer  
t h e  case -  
A t  h igher  a l t i t u d e s  
I n  t h i s  region,  t h e  exosphere, c o l l i s i o n s  may be 
neglected.  
For purposes of 
setgarate the  endosphere 
region where c o l l i s i o n s  
c a l c u l a t i o n  it i s  convenient no t  t o  
and exosphere by a f i n i t e  t r a n s i t i o n  
are few,, It is more p r a c t i c a l  t o  
simply def ine  a s i n g l e  level of t r a n s i t i o n ,  t h e  exobase, below 
which d i f f u s i o n  predominates and t h e r e  i s  a Maxwell-Boltzmann, 
d i r e c t i o n a l l y  i s o t r o p i c  ve loc i ty  d i s t r i b u t i o n ,  and above which 
no c o l l i s i o n s  whatsoever take place. 
2.31. Exobase 
The de termina t ion  of t h e  exobase a l t i t u d e  is somewhat 
arbitrary and has been c a l c u l a t e d  i n  s e v e r a l  d i f f e r e n t  ways. 
An extremely simple d e f i n i t i o n  i s  t o  cons ider  t he  p r o b a b i l i t y  
of a c o l l i s i o n  by a t y p i c a l  p a r t i c l e  leav ing  t h e  l e v e l  of 
a l t i t u d e  z and proceeding d i r e c t l y  upward t o  an i n f i n i t e  
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Figure 10. Comparison of d i f fus ive  equilibrium d e n s i t i e s  
f o r  temperature Models A and B. 



















wh ion 1 cross-sec t ion  and n ( z l )  i s  the 
t o t a l  dens i ty ,  
b,  where P=1/2,  Since t h i s  d e f i n i t i o n  i s  a r b i t r a r y  i t  i s  
important t h a t  any e f f e c t s  under cons idera t ion  w i l l  not be 
highly dependent upon t h i s  o r  any o the r  choice,  The exo- 
bases  as ca l cu la t ed  i n  t h i s  manner w i t h  U-= 5x10 CRI 
a r e  shown i n  Table 6. 
The exobase i s  then def ined by t h e  a l t i t u d e ,  
-15 2 
Table 6. Exobases. 
Exospheric temperature (OK) 700 1000 1500 210G 
Exobase a l t i t u d e  (km) 360 440 555 680 
2.32, Plane tary  Escape 
One obvious effect of the lack of exospheric c o l l i s i o n s  
i s  the  p o s s i b i l i t y  of planetary escape. 
a t  t h e  exobase i n  a Maxwell-Boltzmann d i s t r i b u t i o n  w i l l  have 
v e l o c i t i e s  i n  excess  of t he  escape ve loc i ty .  If these s u f f e r  
no c o l l i s i o n s  as they proceed outward, t h e y  w i l l  escape. 
Some of t h e  p a r t i c l e s  
The number o f  p a r t i c l e s  of c o n s t i t u e n t  i leaving  t h e  
exobase per u n i t  time per  u n i t  a r e a  a t  t h e  angle  6 from t h e  
v e r t i c a l  i n  t h e  s o l i d  angle d ( 3 w i t h  v e l o c i t y  between v and 




dF:'' = ni ( b ~ ' 2 $ e r p [ o ~ ] d v d p d ~  s i n r n c o s a  (3) 
w he re 
dr3 = df? do( sinoc. 
The t o t a l  escape flux w i l l  be t h e  i n t e g r a t i o n  of equat ion (3) 
between t h e  proper l imits,  namely 
where 
2g(b)Rb=escape v e l o c i t y  a t  a l t i t u d e  b, 'esc 
Rb'geocentric radius appropr ia te  t o  a l t i t u d e  be 
I n t e g r a t i o n  of equat ion (3) between these limits y i e l d s  
where the  scale he ight ,  H i ( b ) ,  i s  def ined as 




















The ef fus ion  ve loc i ty ,  Wi m a y  be defined by 
The v a r i a t i o n  of escape flux with t h e  choice of 
exobase may be seen by consider ing t h e  escape Flux a t  some 
l e v e l  b+Az = z, which  i s  
S ince  the  region around t h e  exobase i s  an isothermal one 
t h e  s c a l e  height  i s  dependent only upon t h e  g r a v i t a t i o n a l  
acce le ra t ion :  
and the  d e n s i t y ,  assuming d i f f u s i v e  equi l ibr ium, may be 
w r i t t e n  
S u b s t i t u t i o n  of t hese  i n to  equat ion  (7) y i e l d s  






















( 9 )  
(101 
i 
which is a very small co r rec t iono  
2.33* Correct ion t o  Endosphere Dens i t i e s  
The presence of an  escaping flux a t  t h e  t o p  of t h e  
endosphere I s  i ncons i s t en t  w i t h  t h e  assumption of d i f f u s i v e  
equi l ibr ium i n  t h e  endosphere, The correct s o l u t i o n  t o  t h e  
d i f f u s i o n  equation with escape a t  the  t o p  assuming a l s o  a 
source i n  t h e  mixing region and a steady s t a t e  is derived 
























i s  t h e  f lux a t  120 km, 
t o  t h e  d i f f u s i v e  equi l ibr ium s o l u t i o n ,  t h i s  f lux can be 
compared w i t h  the maximum f l u x  supported by dfff’usfon as  
defined i n  appendix A, The d i f f u s i o n  c o e f f i c i e n t s  are 
In  order  t o  cons ider  t h e  c o r r e c t i o n  
e s t ima tes  based upon experimental  va lues  f o r  va r ious  gas 
combinations found i n  Nawrockf and Papa , The equiva len t  
28 
c r o s s  sec t ions  vary around 5x10-15cm20 Table 7 shows t h e  
escape f luxes  f o r  t h e  important c o n s t i t u e n t s  ( ca l cu la t ed  
f o r  d i f f u s i v e  equi l ibr ium d e n s i t i e s )  a s  w e l l  a s  t h e s e  
maximum f l u x e s  







t a b l e  7 are 
be modified 
0 N2 02 H H e  
8 
Fesc 5,9x107 6 4.3x10g6 
Fmax 8 . 9 ~ 1 0  5,4x10 1 , 3 ~ 1 0 ~ ~  2,5x10 3*5x10 
8 Fmax 8,9xlO 5,3x10 1,2x10 2.1~10 3 . 0 ~ 1 0  
8 
Fmax 8 8x10 5’ 3x10 1 , 1x10 $ 8 ~ 1 0 ~ ~  2 a 5x10 
8 
Fmax 8,8x107 5 . 3 ~ 1 0  1,OxlO 1 , 5 ~ 1 0 ~ ~  2,OxlO 
10 -- -0 -- 
10 -- Fesc 7.5~10; 5,7x1Oi1 1 , 4 ~ 1 0 ; ~  23 Q- 
Fesc 1.1~10~ 9 4.6xlO$ 1,2x1011 -20 -- 
Fesc 1 , 2 ~ 1 0 ~ ~  6,6x108 5 2,3x1011 -11 
-0 
-a 0- 
hydrogen i n  p a r t i c u l a r ,  t he  escape f l u x e s  of 
i n c o r r e c t  s ince i t s  d e n s i t y  a t  t h e  exobase w i l l  
by t h e  escape f l u x  i t s e l f ,  The c o r r e c t  endo- 
sphe r i c  s o l u t i o n s  f o r  hydrogen a r e  shown i n  f i g u r e  11 along 
wi th  t h e  d i f f u s i v e  equi l ibr ium s o l u t i o n s  f o r  comparisono 
The corresponding escape f luxes  a r e  given in t a b l e  8, It  
should be noted t h a t  t h e  modification of t h e  d i f f u s i v e  
equi l ibr ium so lu t ion  takes  p lace  e n t i r e l y  i n  t h e  lower 
.* c 
1x106 
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Fiync !  11, Hydrogen dens i t ies  f o r  d i f fus ion  with escape 















endosphere and t h a t  t h e  hydrogen d e n s i t i e s  w i l l  fo l low a 
d i f f u s i v e  equi l ibr ium p r o f i l e  i n  t h e  upper endosphere, 
Table 8, Escape fluxes, cor rec t edo  
Exos, Temp, Fese(H) Fmax (HI 
7 8 9x107 
1000 3 7m$, 8 9x107 
~ 5 0 0  5 , 9x10 8 8x107 
2100 6 2x10 8 8x10 
6 
700 5*5x10 
2.34, Exospheric Dens i t ies  
D e n s i t i e s  i n  t h e  exosphere ' ~ . ; t ? l f  have been 
29 calculated i n  seve ra l  Ways'- (see b'pik and Singer Herring 
and Kyle3', Shea 
31 
Chamberlain32, Johnson33) by consider ing 
the con t r ibu t ion  ta dens i ty  t i t  a point 'above t h e  exobase by 
particles o r i g i n a t i n g  a t  va r ious  points on a s p h e r i c a l l y  
symmetric (cons tan t  temperature and densf ty)  exobaseo These 
d e n s i t i e s  d i f f e r  from the d i f f u s i v e  equi l ibr ium d e n s i t i e s  
because they l a c k  c e r t a i n  po r t ions  of t h e  i s o t r o p f c  Haxrrll- 
Boltzmann d i s t r i b u t i o n .  The f i r s t  are those part3cles . 2s 
with ve loc i ty  g r e a t e r  than escape ve loc i ty  r e tu rn ing  t o  t h e  
e a r t h .  The second of these Xa the%5ealTt%Fbound- 
orb%t%ng component, which i s  simply those  p a r t i c l e s  which 
would have o r b i t s  l y i n g  e n t i r e l y  i n  t h e  exosphere such t h a t  
they never c r o s s  t h e  exobase. 
it i s  possible t h a t  some of t h i s  l a t t e r  component mag indeed 
be present .  However, s ince these p a r t i c l e s  spend more than  
h a l f  t h e i r  time i n  t h e  presence of t h e  i on iz ing  solar f l u x ,  
i t  i s  f e l t  t h a t  they a r e  even tua l ly  ionized and removed from 
cons ide ra t ion ,  
Since some c o l l i s i o n s  do occur,  








The l ack  of a re turn ing  escape component c r e a t e s  a 
d i s c o n t i n u i t y  a t  t h e  exobase since above i t S  ha l f  t h e  escape 
region i n  t h e  Max-well-Boltzmann d i s t r f b u t i o n  is rnissfng, and 
below i t ,  a l l  regions are f u l l ,  The real d f s t r f b u t f o n  a t  
the  exobase due t o  t h e  absence of' re turn ing  escape p a r t i c l e s  
has been inves t iga t ed  by Chamberlain 
c o r r e c t i o n  i s  t h a t  i t  does not exceed 20$, 
ar?*-trka present Ehis error may b e  rleghectea 
32 
H i s  e s t ima t ion  of' t h e  
For t h e  p u r p o s e -  
A comparison of t h e  d i f f u s i v e  equi l ibr ium d i s t r i -  
bu t ions  and the  no-collison theory ,  2 s  given i n  f i g u r e s  12 
and 13 f o r  hydrogen and helium re spec t ive ly ,  The d i f f e r e n c e  
is not  p a r t i c u l a r l y  apparent a t  small  a l t i t u d e s  above t h e  
exobase,  This i s  a comforting r e s u l t  s ince  i t  diminishes  
t h e  importance of t h e  choice of t h e  exobase i n  t h i s  respect, 
The c o r r e c t i o n  t o  t h e  exospheric d i s t r i b u t i o n  of t h e  heavier  
atoms and molecules occurs a t  a l t i t u d e s  where t h e i r  presence 
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A l t ,  above exobase (km) 
Figure  12 ,  Di f fus ive  equi l ibr ium versus no-co l l i s ion  









A l t ,  above exabase (km) 
Figure 13. Diffusive equilibrium versus no-co l l i s ion  theory 
for helium dens i t i e s .  
3.0, LATERAL FLm 
When c a l c u l a t i n g  the escape flux i n  s e c t i o n  2.32, 
t h e  flow of p a r t i c l e s  w i t h  v e l o c i t i e s  greater than  t h e  
escape v e l o c i t y  was considered, P a r t i c l e s  w i t h  v e l o c i t i e s  
less than  t h e  escape ve loc i ty  leave  t h e  exobase su r face  a t  
one p o i n t ,  describe b a l l i s t i c  o r b i t s ,  and re-enter a t  some 
o t h e r  po in t .  
sur face ,  t h i s  process leads t o  a ne t  flow out  of h i g h  
dens i ty  regions and i n t o  low dens i ty  regions.  Also i f  t h e  
temperature v a r i e s  on the  exobase su r face ,  t h e r e  w i l l  be a 
n e t  f low out  of' t h e  high temperature region and i n t o  t h e  
low temperature region due t o  t h e  dependence of p a r t i c l e  
v e l o c i t i e s  on temperature.  
a t u r e  and dens i ty  v a r i a t i o n  over t h e  en t i r e  sur face  w i l l  
t h e n  l ead  t o  a n e t  f low i n t o  or out of a region because 
of t h i s  l a t e ra l  motion of ind iv idua l  par t ic les  and hence 
should be c a l l e d  a l a t e r a l  flow, 
If t h e  number dens i ty  v a r i e s  on t h e  exobase 
The combination of both temper- 
3.1 Planar  Models 
The effect  of l a t e r a l  f low was f i r s t  inves t iga t ed  
f o r  t h e  p a r t i c u l a r  case of hydrogen by Hanson and P a t t e r s o n  9 
who considered t h e  flow through an imaginary semi - in f in i t e  
s t r i p  of u n i t  w i d t h  with i t s  base a t  some p a r t i c u l a r  po in t  
on t h e  exobase sur face ,  assumed a plane (see Appendix D) 
The following approximations were made: 
35 
plane p a r a l l e l  atmosphere 
parabol ic  (constant g r a v i t a t i o n a l  a c c e l e r a t i o n )  
o r b i t s  
s ing le  ve loc i ty ,  Maxwell-Boltzmann rms ve loc i ty  
F, for a l l  p a r t i c l e s  
density-temperature v a r i a t i o n  on t h e  exobase sur face  
de t e r m ine  d by 
where y was a l a t e r a l  coordinate  
neglec t  of temperature v a r i a t i o n s  i n  determining 
i n t e g r a t i o n  limits, 
T h e i r  conclusion was t h a t  t h e  l a t e r a l  f lux dominated t h e  
escape f l u x  and would quickly wipe out any night-t ime bulge 
due t o  escape, or more c o r r e c t l y ,  not  allow i t s  establ ishment .  
10 Fur ther  i nves t iga t ion  by Donahue and McAfee 
suggested t h a t -  t h i s  conclusion can not  be supported (see 
‘Appendix D), The Hanson and Pa t t e r son  model was modified t o  
the following set of approximations: 
1) plane p a r a l l e l  atmosphere 
2) parabol ic  orbits  
3)  a Maxwell-BoltamanrI v e l o c i t y  d i s t r i b u t i o n  
4) temperature and dens i ty  v a r i a t i o n s  
Y+Yo 
Rb 
n =  n o ( l +  S s i n  -
where yo was t h e  l o c a t i o n  of t h e  s t r i p  on t h e  
exobase sur face  and Rb t h e  exobase r ad ius  
5 )  temperature dependent i n t e g r a t i o n  limits. 
The r e s u l t i n g  f l u x e s  were considerably smaller  i n  magnitude 
than  those of Hanson and Pa t t e r son  (more comparable t o  t h e  
escape f l u x )  and more favorable  t o  t h e  temperature dependent 




















p a r t  of t h e  flow,, 
i n  using a Maxwell-Bolt zmann d i s t r i b u t i o n ,  
example i s  shown i n  f i g u r e  14, 
i n f i n i t e  s t r i p  has  been transformed i n t o  a v e r t i c a l  f lux  i n t o  
o r  out of t h e  exobase sur face  by taking t h e  negat ive d e r i v a t i v e ,  
This  was pr imar i ly  due t o  t h e  improvement 
A comparative 
The flow through t h e  semi- 
3 2. Spher ica l  Models 
Although t h e  Donahue-McAfee model was an improvement 
over  the  Hanson-Patterson model, s eve ra l  assumptions were 
s t i l l  inherent  i n  t h e  de r iva t ion .  The assumption of t he  
pa rabo l i c  o r b i t s  may underestimate t h e  flows s i n c e  t h e  
phys ica l ly  real  e l l i p t i c a l  o r b i t s  have a longer  range, 
plane paral le l  approximation makes t h e  c a l c u l a t i o n s  suspect 
everywhere except near t w i l i g h t  because of t he  l a r g e  distor- 
t i o n  i n  the  geometry. Hence, i t  would seem worthwhile t o  
cons ider  t h e  case of t h e  real spherical  geometry with t h e  
t r u e  e l l i p t i c  o r b i t s ,  
3,2l, F i r s t  Xodels 
The 
The f irst  sphe r i ca l  model was an ex tens ion  of t h e  
Donahue-McAfee p lanar  model. 
e v e r p  makes i t  necessary t o  d i sca rd  t h e  s e m i - i n f i n i t e  s t r i p  
i n  favor  of a semi- inf in i te  cone descr ibed by an angle  
The geometry i s  shown i n  f i g u r e  15. The model was assumed 
t o  be a x i a l l y  symmetric so t h a t  any v a r i a t i o n  i n  dens i ty  
or temperature would depend only on a c o l a t i t u d e  anglea 
Since p a r t i c l e s  may pass  through a p a r t i c u l a r  cone twice 
w h i l e  on t h e  same o r b i t ,  i t  i s  i n c o r r e c t  j u s t  t o  cons ider  
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Figure 14, Lateral f lux  f o r  a sinusoidal 1~00-1000°, 2-1, 
case using the Hanson-Patterson approximations 




















all particles which pass through, 
which pass through once should be considered, 
Instead, onlg those 
P 
Figure 15. The f i r s t  spherical model showing particles 
both leaving and entering each of the  areaso 
39 
If the net  f l o w , y ,  i n t o  the area JVerned by 
is the number of" particles  (shaded area in figure 15)  
per  uni t  time leaving the exobase a t  e>eO and entering a t  
e< 0, (orbit 1 i n  figure 15) minus those leaving a t  e< 6, 
and entering a t  e>e, ,  (orbit 2 in figure 151, a v e r t i c a l  
f lux,  F ,  in to  t h e  endosphere may be calculated by takfng the 
negative derivative of 3 r i t h  respect t o  e,, 
Hence 
- .  
40 
where Rb I s  t h e  exobase radius., The problem i s  then  t o  
calculate 3 0  
However, t h i s  model has  t h e  drawback of escessivefJr  
long 
a suf'ficient number of angles, 
graphica l  c a l c u l a t i o n  of t he  d e r i v a t i v e  a t  a l l  meaningful 
For each c a l c u l a t i o n  a t  a d i f f e r e n t  angle ,  it i s  necessary 
t o  i n t e g r a t e  over  t h e  ent i re  su r face ,  and hence t h e r e  i s  a 
calculations. The c a l c u l a t i o n  of 3 must be done f o r  
i n  order  t o  make a 
goad deal of redundancy i n  t h e  c a l c u l a t i o n s ,  
An immediate modification which r i d s  t h e  ca lcu la t l r rn  
of t h e s e  redundancies and also eliminates t h e  g r a p h i c a l  
derivatives  consfsts of d iv id ing  t h e  exobase su r face  i n t o  a 
n-r of circular strips of uldth  be whose borders  a r e  
lines of cons tan t  reference ang les ,  81 a s  shown i n  f igure  
16, A f l u x  of' particles leaving  from some po in t  on t h e  sur- 
face, 8 , rill re-enter a t  another  po in t  a t  an angle ,  6' , 
which l ies  on a p a r t i c u l a r  strip, i, which may be descr ibed 
1 
Then if t h e  i n t e g r a t i o n  1s c a r r i e d  out over t h e  e n t i r e  
su r face  once, the  t o t a l  flow Into each s t r ip  i s  t h e  sum of 











of  t h e  su r face  whfch ended wi th in  t h a t  s t r i p ,  
s i n g l e  i n t e g r a t i o n  w i l l  s imultaneously c a l c u l a t e  the flow 
i n t o  each of t h e  str ips,  3 
i s  then  simply t h i s  d iv ided  by t h e  s t r i p  area, or 
Hence, a 
, The v e r t i c a l  f l w r ,  Fi, 
Figure  16, Geometry f o r  sphe r i ca l  model with, p a r t i c l e  
o r g i n a t i n g  a t  8 and ending a t  e between ei and 
The p e r t i n e n t  parameters used i n  c a l c u l a t i n e  t h e  31 
The number of p a r t i c l e s  leav ing  t h e  are showc i n  f i g u r e  17* 
surface element 
located a t  
the solid angle 
8 9 @  w i t h  ve loc i ty  between v and v + d v  In 
d t ,  = sinacdocdp 
per u n i t  time rill be 
t r  t t  
sun 





Using azimuthal symmetry, 
the limits are also @ independent and 
If q i s  defined a s  t h e  angle t raversed  by t h e s e  p a r t i c l e s  
between l eav ing  and en ter ing  t h e  endosphere, t hen  t h e  angle, 
where they enter is related t o  t h e  o the r  parameters by 0' 
t h e  sphe r i ca l  t rigonometrfc r e l a t i o n s h i p  
The express ion  for 9 I s  derived I n  appendix B and is 
2 2 [A+ C O S Y ]  - sin Y cos p = @+ cos fJ + sin2 y 
where 
A +  -2 -1, 
X 
(17) 
V x f -  9 
V e  sc 
When t h e  i n t e g r a t i o n  of equat ion (15) is c a r r i e d  out 
numerical ly ,  t h e  element of f lux  i s  subt rac ted  from t h e  flow 
t 
44 
p e r t i n e n t  t o  t h e  s t r i p  containing 6 and added t o  t h a t  
conta in ing  8' 
when summed i n  t h i s  manner a r e  
The appropr ia te  limits on t h e  i n t e g r a t i o n  
T h i s  c a l c u l a t i o n  was made on an IBM 7090 computer., 
example f o r  hydrogen with a s inuso ida l  temperature d i s -  
t r i b u t i o n  between 1000° a t  8 d  and l S O O o  a t  e=: 3 and 
a s inuso ida l  number dens i ty  d i s t r i b u t i o n  of 3-1 w i t h  maximum 
a t  i s  shown i n  f i g u r e  18, The p o i n t s  represent  t h e  
f lux ,  F, of equat ion (13jO 
An 
The scatter i n  t h e  computed p o i n t s  i s  due t o  t h e  
It i s  more approximations i n  t h e  numerical i n t e g r a t i o n ,  
severe near  t he  end p o i n t s  due  t o  t h e  f a c t  t h a t  t h e  s t r ips  
are heavi ly  d i s t o r t e d  i n  these  areas, 
set of i n t e g r a t i o n  variables in equat ion (15) t h i s  en t i re  
flux is assumed t o  re-enter  at a sfngle po in t ,  the 'flow 
is a c t u a l l y  s c a t t e r e d  and may e n t e r  i n  p a r t  i n  more than 
one s t r i p .  It would be hoped t h a t  e r r o r s  of t h i s  nature 
would cance l  each o t h e r ,  However, t h i s  d o e s  no t  occur 
because t h e  shapes of ad jacent  str ips are not i d e n t i c a l ,  
Although for a g iven  
One s o l u t i o n  t o  t h i s  problem i s  of course t o  make 
t h e  i n t e g r a t i o n  more accura te  by reducing t h e  s i z e  of t h e  
I 
1 I I I I 1 0 
O0 30° 60° 9oo 1200 1500 1800 
Anti solar angle  
F igure  18, Lateral f lux,  F, for 1000-1500 0 , 3-1 hydrogen 
caseo  The f l u x  scale i s  r e l a t i v e ,  
v a r i o u s  i n t e g r a t i o n  d i f f e r e n t i a l s .  However, t h e  computation 
such a s  t h a t  f o r  t h e  example i n  f i g u r e  18 i s  already q u i t e  
l eng thy  because i t  i s  an i n t e g r a t i o n  over four variables, ,  
Any aLbempt a t  an inc rease  i n  accuracy must be accompanied 
by a corresponding increase i n  computing time. 
t o  be p r o h i b i t i v e  and t h e  method had t o  be abandoned. 
3.22. F i n a l  Model 
'c 
T h i s  proved 
A f i n a l l y  successful  approach i s  t o  take i n t o  
account d i r e c t l y  t h e  e f f e c t  of t h e  spreading of a f l u x  
element by the  t i m e  i t  h a s  re-entered t h e  exobase sur face ,  
Upon leaving  t h e  exobase from poin t  1 t h e  d i f f e r e n t f a l  
f lux  w i l l  be again  a s  i n  equation (13) 
I f  t h i s  flow re -en te r s  a t  point  2, an angle  9 away from i t s  
o r i g i n ,  t h e  flux w f l l  have spread as shown i n  f i g u r e  19 t o  
a n  a r e a  a', The flux i n t o  poin t  2 due t o  those  p a r t i c l e s  
obeying t h e  condi t ions  on d 3 w i l l  then  be 
Rh 
Figure 19. The spread of the  d i f f e r e n t i a l  flux,, 
I f  Ut i s  small i t  may be w r i t t e n  
2 
dBt=Rb SinJldJl  d g  




















The t o t a l  f l u x  i n t o  po in t  2 i s  then  t h e  sum of t h e s e  f l u x e s  
over  o the r  v e l o c i t i e s ,  angles ,  and pos i t i ons ,  
If po in t  1 i s  given the  coord ina tes ,  8, t$ , and 
p o i n t  2 t h e  coord ina tes ,  eo, (#+,, i n  a system t h e  same as 
i n  s e c t i o n  2.31, a second spher ica l  coordinate  system may 
be e s t a b l i s h e d  a t  po in t  2 having v a r i a b l e s  e' and 
shown i n  f i g u r e  20, 
t o  the  o r i g i n a l  by 
as  
This  coordinate  system w i l l  be related 
# f 
~ ~ s ~ = c o s ~ ~ c o s ~ ' +  s i n Q 6 s i n e  cos 4 (20) 
By consider ing an i n t e g r a t i o n  i n  the  primed system, t h e  
d i f f e r e n t i a l  flow from t h e  poin t  e: 0' may be w r i t t e n  
t 
and equatioka ( 1 9 )  becomes with 8s 3( i n  t h i s  case 
where aga in  
ifa2O(. 
The dependence upon a disappears ,  I f  d #  i s  assumed t o  
be caused by t h e  v a r i a t i o n  i n  Y w h i l e  v,  e', and 4' are 





















Figure 20, The second spherical coordinate system, 
then 
The re lat ionship  between 
and i s  
and J/ i s  derived i n  appendix B 
(22) -A(1-cos q) *  $ 2 - ( l - ~ o s $ ) A ~ ~ . ,  cos8  = 
2 
Different iat ion o f  equation (22) with respect t o  9 y i e l d s  
49 
The d e r i v a t i v e  i s  double-valued because t h e r e  are two 
va lues  of O( which give the same range, 
from each of  t hese  two i s  added, the second terms i n  equat ion  
(23) cance l  leav ing  
When t h e  con t r ibu t ions  
8 
and w i t h  #'= 8 t h e  f lux ,  equation (211, becomes 
/ 
The l i m i t s  of i n t e g r a t i o n  for v and are 
O e  v 4 V e g C  
# 
r e spec t ive ly ,  The l i m i t s  for 8 a r e  more complex, For 
V < V e s c / C  t h e  maximum value f o r  e' i s  given by 
and hence 
vesc v<- 2 
I i>cose pi- - 
A* 9 .fT 
4 
For v>vesc/@the 8 i n t e g r a t i o n  may cover t h e  e n t i r e  
sphere and 
If t h e  s u b s t i t u t i o n s  
- v  x = -  
V e  sc 
are made, then t h e  f i n a l  form f o r  t h e  f lux equat ion is 
To compute t h e  ne t  flux i n t o  o r  out of t h e  exobase 
surface, t h e  outgoing flux must be subt rac ted  from t h e  
incoming flux of equat ion (261, 
c a l c u l a t e d  d i r e c t l y  using equat ion (14) i n  t h e  same manner 
as t h e  escape flux c a l c u l a t i o n  except with t h e  l i m i t s  on 
t h e  v e l o c i t y  i n t e g r a t i o n  being 
The outgoing f lux  can be 







This  exac t  s o l u t i o n  does turn  out  t o  be imprac t i ca l ,  however, 
due t o  t h e  inexac tness  of t h e  numerical  i n t e g r a t i o n  i n  
so lv ing  f o r  t h b  incoming f lux ,  
small difference of two l a r g e  numbers, even small  r e l a t i v e  
errors between t h e  t w o  terms can lead t o  grave e r r o r s  i n  the 
difference. 
t h e  outflow i n  t h e  same manner a s  t h e  inflow, 
Since t h e  n e t  f low i s  a 
This  discrepancy can be avoided by i n t e g r a t i n g  
I f  t h e r e  were no temperature or dens i ty  v a r i a t i o n  
t h e  symmetry would demand a zero n e t  flow. Then t h e  out- 
going flux i n  t h i s  case is equal  t o  t h e  incoming flux, 
That t h i s  i s  indeed t h e  case f o r  equat ion  (26) i s  demonstrated 
i n  appendix C. 
be replaced by a c a l c u l a t i o n  of t h e  incoming f l u x  f o r  t h e  
symmetric case  wi th  a constant  dens i ty  and temperature 
which i s  t h a t  of t h e  point ,  E)o, hc 
i n  t h e  two terms of equation (26) then  become, when computing 
t h e  n e t  flux: 
A c a l c u l a t i o n  of t h e  outgoing f l u x  can then 
The # ' i n t eg ra t ions  
With t h i s  method t h e  e r r o r s  i n  c a l c u l a t i n g  each term are 
similar and the  d i f f e r e n c e  would then  conta in  t h e  same 
approximate e r r o r o  
The expression f o r  t h e  outgoing f l u x ,  equat ion (271, 
g i v e s  an idea of t h e  problem inherent i n  t h e  choice of an  
exobase when concerned w i t h  l a t e r a l  flow, Including t h e  
52 
escape f l u x  term t h e  outgoing f lux  may be w r i t t e n  
and since g(b)Hi(b) i s  a constant  i n  t h f s  isothermal  region 
t h e  outgoing flux has  t h e  same height  dependence as t h e  
d e n s i t y ,  
The l a t e r a l  flow of energy may be ca l cu la t ed  i n  a 
very s i m i l a r  manner by the  inc lus ion  of' a k f n e t i c  energy 
term i n  t h e  f l u x  equat ions,  Hence equatfm (18) can be 
mul t ip l i ed  by 
and the  i n t e g r a t i o n s  carried out a s  before ,  The outgoing 
energy flux i n  analogy t o  equat ion (24) is 
53 
boo ,  LATERAL FLOW R%Suz;TS 
The numerical i n t e g r a t i o n  of equat ion  (26) including 
equa t ion  (28)was performed on an IBM 7090 computer f o r  severail 
va lues  of 86 under var ious temperature and dens i ty  dis t r i -  
bu t ions  (azimuthally symmetric i n  a l l  cases)  f o r  t h e  important 
c o n s t i t u e n t s  a t  t he  exobaseo Table 9 shows t h e  e r r o r s  of 
numerical  i n t e g r a t i o n  by comparing t h e  incoming f lux f o r  no 
dens i ty  o r  temperature v a r i a t i o n  w i t h  t h e  outgoing f l u x  of 
t h e  exact  s o l u t i o n  of equation (27) for a t y p i c a l  case ,  
Table  9. Numerical i n t e g r a t i o n  e r r o r s ,  700°K, 
In t eg ra t ed  i n f l u x  Exact Outflux $ E r r o r  
6,1 
He 7. OOXIOll 6 , 5 2 x 1 0 ~ ~  6 , 7  
0 4, 70X1Ol0 4 . 3 9 ~ 1 0 ~ ~  6.7 
1 . 6 4 ~ 1 0 8  1 e 53x108 6 , 6  
- 7 19x10 2,98xlO 6.6 *2 02 
H 1 e 3 2 x 1 0 ~ ~  1  1,41~1010 10 
The e r r o r s  o f  about 7% a r e  w e l l  w i th in  t h e  t o l e rance  f o r  
t h i s  type of c a l c u l a t i o n ,  bu t  t hey  c e r t a i n l y  n e c e s s i t a t e  
use of t h e  method discussed, Table 10 shows a sample f l u x  
for t h e  s inuso ida l  1000-1500° case, This  c o m p a r i s n ,  which 
is f a i r l y  t y p i c a l ,  shows how the  n e t  f l u x  i s  always a small  
p a r t  of e i t h e r  t h e  i n f l u x  o r  ou t f lux ,  
The dependence of the  l a t e r a l  f low upon dens i ty  
can be seen by a c a l c u l a t i o n  f o r  a cons tan t  temperature but 
a s inuso ida l ly  varying dens i ty  about un i ty  w f t h  a maximum 
a t  8=0. The obvious r e s u l t  i s  an antisymmetric flow, 













f o r  maximum t o  minimum dens i ty  ra t ios  of 1;5 ,  3 $  and 9 is 
shown f o r  hydrogen a t  1000° and 1500' i n  f i g u r e s  21 and 22 
r e s p e c t i v e l y  and for oxygen a t  1000° and 1500' i n  f i g u r e s  23 
and 24 r e spec t ive ly ,  
smaller a s  might be expected, 
The oxygen f l u x e s  i n  genera l  are much 
Table 10, Comparison ofonet f l u x  w i t h  o u t f l u x  a t  8 = 0  
f o r  l O O O - l 5 O O  K temperature va r fa t fon ,  
In t eg ra t ed  In tegra ted  $ N e t  f l u x  
i n f l u x  out f lux  N e t  flux of ou t f lux  
The opposi te  effect might  be expected for a cons tan t  
dens i ty  of' u n i t y  but s inusoida l  temperature d i s t r i b u t i o n s  
w i t h  t h e  maximum temperature a t  e =  180°, 
such c a l c u l a t i o n s  a r e  shown for hydrogen and oxygen a t  tem- 
p e r a t u r e s  varying about 1000° and 1500° i n  f i g u r e s  25-28, 
The r e s u l t s  f o r  
The flow i s  not q u i t e  antisymmetric due t o  t h e  nonl inear  
dependence of t h e  flow on temperature,  The oxygen f l u x e s  
a r e  aga in  much smaller i n  magnitude, 
The f l u x e s  f o r  both a s inuso ida l  dens i ty  and 
s inuso ida l  temperature v a r i a t i o n  are shown i n  f i g u r e s  29-34 
f o r  hydrogen and oxygen again w i t h  an average dens i ty  of 
1,O and maximum a t  8 = 0' and a maximurn temperature a t  
e=180°. 
while the  temperature ranges are 700-1000°, 1000-1~00°,  and 
1500-2100°. 
The dens i ty  v a r i a t i o n s  are 2-1, 3-1, and 5-1, 
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4 -2 -1 Figure 21, Hydrogen flux i n  10ocm sec f o r  a constant 
temperature of 1000 with various sinusoidal 
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4 -  Figure 22, Hydrogen f lux  in 10 cm 'sec" for a constant 
temperature of 15000 w i t h  various sinusoidal 
density variations about uni ty ,  maximum a t  8 = 0, 
l a 0  - 
0.5 - 




30° 600 * 960 1200 1503 t e 
Figure  23. OxJgen f lux  i n  lQcrn-*sec-l f o r  a eonstarit  t en-  
pe ra tu re  of 1000" with var ious  s inusoida l  dens i ty  
v a r i a t i o n s  about u n i t y ,  maximum a t  e =  0, 
e 
Figure 24, Oxygen f l u x  i n  10cm"2sec"1 f o r  a cons tan t  tem- 
nera tu re  of 1500' w i t h  var ious  s fnusofda l  dens i ty  
v a r i a t i o n s  about u n i t y ,  maximum a t  e=Oo 
200 
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Figure 25. Hydrogen flux i n  104cm'2see'1 for a constant 
density of unity and var ious  shnusoidal tem- 
peraturs variations about 1000 
e = i 8 0  
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4 -2 -1 Figure 26, Hydrogen flux in 10 cm sec for a constant 
density of unity and various sinusoidal tem- 
perature variations about 1500° w i t h  maximum a t  
@ =  1800. 
58 
Inf lux  
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Figure  27* Oxygen f l u x  in lOcrn”*se~-~ f o r  a cons tan t  dens i ty  
of u n i t y  and var ious  s inuso ida l  temperature 
v a r i a t i o n s  about 1000° with  maximum a t  e =  180°, 
4,o 
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Figure  28, Oxygen f l u x  i n  lO~m-*sec’~ for a cons tan t  dens i ty  
of u n i t y  and var ious  s inuso ida l  temperature  






















4 =2 -1 Figure  29, Hydrogen f l u x  i n  10 ern sec f c r  7 O i ) - i 0 u O 0  
s i n u s o i d a l  temperature v a r i a t i o n  and va r ious  
s i n u s o i d a l  dens i ty  v a r i a t i o n s  about u n i t y ,  
Density maximum a t  8 = 0, temperature makmum 
a t  8 =1808 
2.0 
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Figure  30. Hydrogen f l u x  i n  10 4 cm-2sec-l f o r  1000-1500° 
s i n u s o i d a l  tempe r a t u r e  v a r i a t i o n  and va ri eus 
s inuso ida l  dens i ty  v a r i a t i o n s  about un i ty  
Density maximum a t  8 =  0,  temperature maximum 
a t  0 = 180'. 
e 
Figure 31, Hydrogen flux i n  10 4 crn-*sec-' fc r  1500-2100° 
s i n u s o i d a l  temperature v a r i a t i o n  and va r ious  
s i n u s o i d a l  d e n s i t y  v a r i a t i o n s  about u n i t y ,  
Density maximum a t  e =  0, temperature maximum 
a t  e =  180°, 
- 0 a 5  
-1,o 
30° 6 oo 90° 1200 150° 180' 
8 
Figure  32. Oxygen f l u x  i n  10cm-2sec'1 f o r  700-3.000" 
s i n u s o j d a l  temperature v a r i a t f o n  and var ious  
s inuso ida l  dens i ty  v a r i a t i o n s  about u n i t y  
Density ma3imum a t  e =  0, temperature maximum 
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Oxygen f l u x  i n  locm-*set-l fm ~ O O O - ~ ~ O O O  
sinusoidal temperature variat ion and various 
sinusoidal density variat ions about unity 
Density maejimum at 6 = 0 ,  temperature maximum 
a t  8 = 1 8 0  a 
1 e 00 3 oo 600 90° 1200 1500 
~ i ’gure  33. 
Figure 34, Oxygen f l u x  i n  lOcm-*sec” for 1500-2100° 
sinusoidal temperature variation and various 
sinusoidal densfty variat ions about unity 
Density ma6imum at e= 0, temperature maximum 




r a t i o s  are v a r i e d p  t h e  f luxes  range from a d a y ' t o  n i g h t  flow 
f o r  a small r a t i o  t o  a n i g h t  t o  day flow for a large r a t i o .  
A comparison w i t h  t h e  o ld  models is shown i n  f i g u r e  35. 
- 
olitfllut 1 I I I I 
L a t  
( R e l ,  ur t s )  
-005 t 
F i g u r e  35, Comparison of l a t e r a l  flow models i nc lud ing  t h e  
Hanson-Patterson ( H O P , )  Donahue-McAfee (Dab!,) 
and s p h e r i c a l  (S), 
The previous  r e s u l t s  of a gene ra l  n a t u r e  tend  t o  
demonstrate  t h e  f u n c t i o n a l  dependence of t h e  l a t e r a l  flow. 
I n  order t o  estimate t h e  magnitude of t h e  effect  upon a 
real  atmosphere, i t  i s  necessary  t o  use rea l  parameterso  The 
d e n s i t i e s  of t h e  v a r i o u s  c o n s t i t u e n t s  a t  t h e  exobase can be 
t aken  from t ab les  2-5 f o r  helium, atomic oxygen, molecular  
n i t r o g e n ,  and molecular oxygen and from f i g u r e  11 f o r  
hydrogen, I n  p r a c t i c e  f o r  a given temperature  v a r i a t i o n  







temperature  and corresponding exobases,  and then assumed t o  
vary s inuso ida l ly  i n  t h e  region between, Since t h e  exobase 
I 
I 
a l t i t u d e  i s  a func t ion  of t h e  temperature it i s  apparent t h a t  
I 
t h e  exobase su r face  i s  no t  sphe r i ca l  bu t  has  a day-night 
asymmetry, being a t  a l a r g e r  a l t i t u d e  on t h e  day side, 
v a r i a t i o n  was not  considered i n  t h e  c a l c u l a t i o n s  involving t h e  
va r ious  o r b i t a l  r e l a t i o n s h i p s  s ince  t h e  c r i t e r i o n  of  importance 
i s  t h e  change i n  exobase height  as compared with i t s  geocentr ic  
d i s t a n c e .  The v a r i a t i o n  i n  exobase he ight  is small  compared 
w i t h  t h i s  r ad ius  s o  t h a t  i t  does not a l t e r  t h e  s o l u t i o n s  s i g -  
n i f i c a n t l y .  The important f e a t u r e  is i n  t h e  f a c t  t h a t  t h e  
d e n s i t i e s  used are not  f o r  t h e  same a l t i t u d e s  a t  d i f f e r e n t  
p o i n t s  on t h e  exobase sur faceo  
t h e  parameters a t  t h e  exobase for var ious  temperatures  is 
- 
T h i s  
I 
\ 
The p e r t i n e n t  d a t a  concerning 
I 
I given i n  t a b l e  11, ~ 




The results of c a l c u l a t i o n s  of l a t e r a l  flow (along 
wi th  t h e  escape f l u x e s  and maximum fluxes) using t h e  data 
from t a b l e  11 are shown i n  t a b l e s  12-14 f o r  temperature 
v a r i a t i o n s  of 700°-1000 
respec t ive ly .  
f i g u r e s  36-38 f o r  hydrogen and helium, 
I 
0 100Oo-1~0Oo9 and 150O0-21OO0 
They are a l s o  shown i n  graphica l  form i n  
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Table 12. Per t inen t  fluxes for 700-1000° temperature 
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Tab le  130 Pert inent  f luxes f o r  l O O O - l 5 O O  temperature 
vari a t i on 
Consti tuent Anale Lateral  flux Excape f l u x  Max,Diff,flux 
7 
30 -3 59x108 4 a 3 9 ~ 1 0 ~  8 9x1 07 
60 -? * 38x10 6,283~107 8 a 9x107 
H 90 -i 23x1’38 8.45xlO$ 8 8xPO; 
120 2 a 77x10: 8 a 86x10 8 8x10 
180 8 28x10° 5,92x10‘ 8 8x107 
3 7 3 ~ 1 0 ~  8 a 9x10 0 -3 3 4 ~ 1 0 ~  8 


























I. e 2x1 011 
1. l X P O l l  











2 .6~10  
2, 5x108 
l . lxloll  11 
101x10 
30 0x10: 
2 . 5 X 1 0 8  
. 
Table 14, Per t inent  f luxes for 1500-2100° temperature 
var ia t ion  
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6 e 71x10 
3.4 5x10: - O.63xiO- 
-3.75~10: 
-1,kOxiO 
- 0 , 1 3 ~ 1 0 ~  
& I  , _&.LY 
- 5 . 1 6 ~ 1 0 ~  - 5 46x10 
1 b 1x1 011 
1. l X l O l l  
1 . O x l O ~ ~  
l o  o x l o l l  
1 a oxlo l l  
1 Q 1x10;$ 
l o  0x10 
2 0 5xi08 
2 0 2x10 
2 0 4X108 
2 . 3 ~ 1 0 ~  
2.1x108 
2 .ox108 
2 0 0x108 
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The result  f o r  t h e  heavier  c o n s t i t u e n t s ,  0 ,  NZs and 
O2 is t h a t  the  computed l a t e r a l  flow may be neglected s ince  
it i s  much smaller  than the maximum d i f f u s i v e  f lux,  Hence 
t h e  v e r t i c a l  d i s t r i b u t i o n  should remain one of d i f f u s i v e  
equi l ibr ium i n  these t h r e e  caseso  This i s  of s p e c i a l  impor- 
t a n c e  f o r  t h e  case of atomic oxygeno It is t h e  dominant 
c o n s t i t u e n t  i n  t h e  exobase region and a change i n  its dens i ty  
would n e c e s s i t a t e  a cons i s t en t  change i n  t h e  exobase l e v e l .  
Therefore ,  s ince  t h e r e  should be  no change i n  i t s  dens i ty ,  
t h e  exobase can be assumed unaffected by t h e  lateral. flow. 
The l a t e r a l  f luxes  for helium, however, are com- 
pa rab le  t o  its maximum d i f f u s i v e  f l u x ,  and hence bear 
cons ide ra t ion ,  The hydrogen f l u x e s  are of even more concern 
since they are a c t u a l l y  l a r g e r  than t h e  maximum d i f f u s i v e  
f l u x e s  
The l a t e r a l  energy fluxes t u r n  out t o  be small 
compared with o the r  energy sourcesa Even t h e  t o t a l  f l u x  
out  of a sur face  as  from equation (301 i s  only on t h e  order  
of 10-3 e r g s  sec". A sample c a l c u l a t i o n  f o r  hydrogen 
and oxygen a t  cons tan t  dens i ty  of 1.0 with a 900-1100° 
temperature v a r i a t i o n  is shown i n  f i g u r e s  39 and 40, Since 
t h e  real d e n s i t i e s  a r e  on t h e  order  of 105 or 10 6 times t h e  
u n i t y  used, r e a l i s t i c  f lows would inc lude  t h i s  approximate 






















-2 -1 Figure 36. Hydrogen and helium fluxes i n  108cm sec 
f o r  700-1000° sinusoidal temperature variat ion 
with corresponding d e n s i t i e s  as in table  11, 
-6eo t 
- 9 * o p i t f l u x  , 1 I I I 
00 30° 60° 90' 1200 1. SO0 180° 
0 
Figure 37* Hydrogen and hellBm fluxes in 10 8 cmo2sec"' 
for  the  1000-1500 sinusoidal  temperature 
variat ion with corresponding d e n s i t i e s  a s  i n  
tab le  11, 
.I. *. I 49 
Outflux 
-8,oj I I I I I 
1 8 ,  
00 30° 60° 90' 1200 1500 
Figure 38, Hydrogen and belium fluxes i n  10 8 crn-*sec-' for 
the l 5 O O - U O O  sinusoidal temperature variation 














150' 180' e 30° 60' 90° 12OC 
Figure 39. Lateral nerg f luxes  f o r  hydrogen in 
ergs ~ r n - ~ s e c - ~  for 900-11000 sinusoidal temperature 



























0" 60° 90° 1200 150° e 1800 
Figure 40, Lateral nerg fluxes f o r  oxygen in 10 -12 
ergs ~ r n - ~ s e c - ~  f o r  900-1100° sinusoidal 
temperature variat ion and constant density of 1,0, 



















5.0, LATERAL FLOW IMnUENCE 
5 = l 0  Endosphere 
The l a t e ra l  fluxes derived i n  t h e  previous s e c t i o n  
w i l l  in f luence  t h e  v e r t i c a l  dens i ty  d i s t r i b u t i o n s  i n  the  
endc?sphere by rlas+rc?yin,P t h e  n_ssr.lmptinn 9f eern flllr 
necessary t o  a d i f f u s i v e  equi l ibr ium s i t u a t i o n ,  As was 
shown, t h e  fluxes are so small f o r  0, NZp and O2 t h a t  they 
make no apprec iab le  d i f f e rence  and may be ignored, -. xne 
fluxes f o r  H and H e  a r e  s i g n i f i c a n t  and t h e i r  effect  on the  
endospheric d e n s i t i e s  could be l a r g e ,  
5011. Zero L a t e r a l  Flow Dis t r ibu t fons  
The endospheric effect of t h e  l a t e r a l  flow can be 
simply descr ibed as follows, 
i n t o  t h e  endosphere the  dens i ty  w i l l  b u i l d  up, 
i s  t r u e  i n  a region where t h e  flux i s  ou t ,  These d e n s i t y  
changes i n  t u r n  decrease the l a t e r a l  f l u x  and i n  t h i s  manner 
t h e  dens i ty  d i s t r i b u t i o n s  would tend toward those which would 
y i e l d  no l a t e ra l  flow, Such d i s t r i b u t i o n s  can be found by 
successive approximations t o  t h e  dens i ty  d i s t r i b u t i o n s  con- 
s i s t e n t  with t h e  ca l cu la t ed  l a t e r a l  flow. 
i n  f i g u r e s  41-43 with t h e  d i s t r i b u t i o n s  from t a b l e  11 which 
were used i n  c a l c u l a t i n g  t h e  a c t u a l  f lux,  
I n  a region where t h e  f lux  i s  
The reverse  
These are compared 
Even i f  condi t ions  i n  t h e  heterosphere were kep t  
f i xed  f o r  a s u f f i c i e n t  length  of  time, however, t he  f i n a l  
d i s t r i b u t i o n  would not  be a no l a t e r a l  flow d i s t r i b u t i o n ,  




Figure  41, Hydrogen and helium d e n s i t i e s  i n  10 4 and 10 6 cma3 
r e spec t ive ly  fgr zero flow and as  i n  t a b l e  IPL 
f o r  i? 700-1000 sinusoidal tenperatl ire v a r i a t i e n -  
1.5 1 
Fiftire 42, Hydrogen and helium d e n s i t i e s  f n  105 acd 10 6 cm-3 
r e spec t ive1  f o r  zero f low and a s  i n  table 11, 




t a b l e  11 -- - 
Figure 43a Hydrogen and helium d e n s i t i e s  i n  10 3 and 10~cm-3 
re spec t ive ly  f o r  zero flow and as i n  t a b l e  11 
f o r  a 1500-2100° s inuso ida l  temperature v a r i a t i o n ,  
t h e  exobase sur face  would mean t h a t  t h e  endospheric 
d i s t r i b u t i o n s  were not ones of d i f f u s i v e  equi l ibr ium and 
would y i e l d  a flow by d i f fus ion ,  Hence t h e  d i s t r i b u t i o n s  
would tend toward a zero l a t e r a l  flow s i t u a t i o n  but would 
not  reach one, 
5-12, Steady S t a t e  
If t h e  homosphere is assumed t o  be ab le  t o  a c t  as 
e i t h e r  a s ink  or a source as endospheric condi t ions  warrant, 
then  a s teady  state d i s t r i b u t i o n  can be imagined s i m i l a r  t o  
a steady state with escape i n  which t h e  l a t e ra l  flows for a 
given  exobase d i s t r i b u t i o n  a r e  matched by t h e  v e r t i c a l  
d i f f u s i v e  f l u x e s  i n  t h e  endosphere which give t h a t  same d i s -  
t r i b u t i o n  a t  t h e  exobase when used i n  the  d i f f u s i o n  equat ion,  
This d i s t r i b u t i o n  would have t o  l i e  somewhere between t h e  
74 
d i f f u s i v e  equi l ibr ium model and t h e  zero  flow model by v i r t u e  
of t h e  c o r r e l a t i o n  between t h e  l a t e r a l  flow and the  d i f f u s i v e  
flow c rea t ed  by t he  r e s u l t a n t  change i n  dens i ty ,  
Th i s  type of s t e a d y  state d i s t r i b u t i o n  depends upon 
two major assumptions, however, The first is t h a t  of a 
source and/or s ink  a t  t h e  turbopause,  If these are not suf- 
f i c i e n t  t o  supply or accept t h e  steady s t a t e  f luxes ,  then of 
course a steady s t a t e  d i s t r i b u t i o n  would be impossible,  The 
second assumption i s  t h a t  a new steady s ta te  w i l l  be quickly 
assumed by t h e  gas as t h e  parameters,  temperature i n  p a r t i c u l a r ,  
change with time, 
5.13. Time Considerat ions 
A r ep resen ta t ive  time f o r  l a t e r a l  flow i s  d e s i r a b l e  
when consider ing the  a b i l i t y  of t h e  l a t e r a l  f low t o  quickly 
adjust  dens i ty  d i s t r i b u t i o n s .  The l a te ra l  flow i t se l f  i s  
made up of p a r t i c l e s  which t ake  a f l n i t e  time between leaving  
and re-enter ing the  endosphere, Some times, r 9  for t y p i c a l  
o r b i t s  designated by t h e  i n i t i a l  cond i t ions  a t  t h e  exobase, 
v e l o c i t y ,  v, and an angle from the  r a d i a l  d i r e c t i o n  of 45O, 
are shown i n  t a b l e  15a 
cm~.sec'l, i t  is  apparent  t h a t  t h e  major i ty  of p a r t i c l e s  t a k e  
less  than  an hour In f l i g h t .  It should be pointed out I n  a l l  
fa i rness  t h a t  much of t h e  hydrogen f l u x  comes from higher  
v e l o c i t y  par t ic les  k 8  or 9xlO5)so t h a t  one hour might  be a 
l i t t l e  small  a s  a u se fu l  time. Anyway, i n  t h e  per iod of one 
or even two hours condi t ions  w i l l  not  have changed d r a s t i c a l l y  
and t h e  l a t e r a l  f low i tself  can be thought of a s  t ak ing  a 
n e g l i g i b l e  amount of time. 
Since t h e  escape v e l o c i t y  i s  1 0 . 9 ~ 1 0 5  
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Table  15a Orbi ta l  times f o r  l a t e ra l  flow p a r t i c l e s ,  
2x105 






I n  a s teady s t a t e  t h e  t o t a l  amount of e i t h e r  helium 
or hydrogen i n  a column would differ  with l a t e ra l  p o s i t i o n ,  
Hence it would be necessary for a d i f f u s i v e  flow i n  t h e  endo- 
sphere ( i n  t h i s  case equiva len t  t o  t h e  l a t e r a l  flow) t o  
remove t h e  excess  or bui ld  up t h e  de f i c i ency  i n  1 2  hours,  
To g e t  a n  idea of what t h i s  would involve,  it can be  done 
for t he  hydrogen s teady s t a t e  escape d i s t r i b u t i o n s  of f i g u r e  
11, If t h e  difference between column d e n s i t i e s  above 120 km 
a t  maximum and minimum temperature i s  d iv ided  by 1 2  hours ,  an 
average f lux fo r  removal between day and n igh t  i s  t h e  r e s u l t .  
Using t h e  hydrogen d e n s i t i e s  of f i g u r e  11 t h e s e  f l u x e s  t u r n  
o u t  t o  be 1 .67~10~crn-~sec '~ ,  1.37x108cm'2sec-1, and 2 . 7 2 ~ 1 0  7
cm'2sec'1 for 700-1000°, 1000-15000 and 1500-210O0 re spec t ive ly .  
I n  t h i s  case they are even l a r g e r  than  p o s s i b l e  which i m m e -  
d i a t e l y  sugges ts  t h a t  these d i u r n a l  v a r i a t i o n s  a r e  t o o  l a r g e .  
However, a steady s t a t e  with l a t e ra l  flow would not be a s  
extreme and f l u x e s  der ived  from d i f f e r e n c e s  i n  t h i s  case 
might be t o l e r a b l e .  
5,14, A l t e r n a t i v e  t o  Steady S t a t e  
I f  a s teady s t a t e  d i s t r i b u t i o n  as  formulated i s  not  
p o s s i b l e ,  t h e  a l t e r n a t i v e  i s  a d i s t r i b u t i o n  dependent upon 
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t h e  l a t e ra l  flow and how it can  be supported o r  absorbed 
by d i f f u s i o n  i n  t h e  endosphere, Since d i f f u s i o n  rates vary 
i n v e r s e l y  w i t h  t h e  t o t a l  dens i ty ,  d i f f u s i o n  i s  much quicker  
i n  t h e  uDper endosnhere than i n  t h e  lower endosphere, I n  a 
r e g i o n  of removal by l a t e r a l  f low, dens i t ies  i n  t h e  near  exo- 
base region could quick ly  diminish t h e  l a t e r a l  flow, 
5 2. Exo sphere 
Vha 4 m P l . . r r n - . r  -4' +ha l - ~ - - - -  A u A A u = A a L =  u A  i,uc Aat,eial T l i ~  ~lii t h e  exosuiiere 
may be regarded a s  i n  two p a r t s .  
of t h e  exospheric  d e n s i t i e s .  
s i n c e  the  d e n s i t y  i n  t h e  l o w e r  exosphere is simply an ex tens ion  
of t h a t  i n  t h e  endosphere, 
net f l o w  i n  t h e  exosphere i t s e l f ,  
5,2l. 
The f f r s t  i s  t h e  a l t e r a t i o n  
This  i s  an obvious consequence 
The second i s  t h e  presence of a 
Exospheric D e n s i t i e s  with L a t e r a l  Flow 
The e f f e c t  upon exospheric d e n s i t i e s  of l a t e r a l  flow 
i n  t h e  exosphere reg ion  may be seen by cons ide ra t ion  o f  t h e  
o r i g i n  of pa r t i c l e s  con t r ibu t ing  t o  t h e  d e n s i t y  a t  any po in t ,  
These p a r t i c l e s  o r i g i n a t e  from a l l  p o i n t s  on t h e  exobase sur- 
face and hence come from regions of d i f f e r e n t  d e n s i t y  and 
temperature ,  
l o n g e r  a simple func t ion  of t h e  l o c a l  temperature  and d e n s i t y  
v a r i a t i o n ,  
The d e n s i t y  a t  an exospher ic  p o i n t  is t h e n  no 
I t  should be expected t h a t  a t  small a l t i t u d e s  above 
t h e  exobase, such a n  effect  would be smal l  s i n c e  most of t h e  
d e n s i t y  c o n t r i b u t i o n s  come from l o c a l l y  o r i g i n a t i n g  p a r t i c l e s ,  
A t  h ighe r  a l t i t u d e s  t h e  o r i g i n  of p a r t i c l e s  i s  much less 
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l o c a l i z e d  and modi f ica t ion  should take p lace ,  
high a l t i t u d e s  p a r t i c l e s  con t r ibu t ing  t o  the  l o c a l  d e n s i t y  
have an  almost equa l  chance of o r i g i n a t i n g  from any p o s i t i o n ,  
a necessary fac t  already pointed out  by Chsm5erlain32, 
t h i s  case t h e  dens i ty  a t  these high a l t i t u d e s  should be 
s p h e r i c a l l y  symmetric regardless of t h e  temperature and d e n s i t y  
d i s t r i b u t i o n s  below. 
A t  extremely 
I n  
Without t h e  assumption of s p h e r i c a l  symmetry exospheric  
d e n s i t y  c a l c u l a t i o n s  become more complex but can  be handled 
i n  a manner similar t o  t h e  c a l c u l a t i o n  of t h e  l a t e r a l  f lux ,  
The p e r t i n e n t  geometry for such a c a l c u l a t i o n  i s  shown i n  
f i g u r e  44, The con t r ibu t ion  t o  t h e  d e n s i t y  a t  po in t  2 from 
t h e  f lux  Orig ina t ing  a t  point 1 i s  t h a t  flux divided by its 
v e l o c i t y  a t  p o i n t  2, v(2) ,  and divided by t h e  f l u x  a r e a  a t  
p o i n t  2,  dA(2),  
Ffgure 44, Geometry f o r  exospheric  d e n s i t y  c a l c u l a t i o n ,  
Hence, 
dn(2) = D 
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(31) 
For practical  purposes the area and ve loc i ty  as spec i f ied  
may be replaced by the la tera l  component of v e l o c i t y ,  le, 
and the area normal t o  We, dA'. Then 
By conservation of angular momentum w i u b 4  ve loc i -y  v a t  point 1 
We= ve y =  xveScysino< (33) 
where 
The area dAs may be expressed in terms of useful  
variables  
where f3 is an azimuthal angle a t  point 1. 
famil iar form of equation (13) 
The f l u x  i s  the 
By first  performing t h e  x i n t e g r a t i o n ,  
From appendix B,  d i f f e r e n t i a t i n g  equat ion (67) , and inver t ing :  
and s u b s t i t u t i o n  of equation (37) i n t o  (36) g ives  
For azimuthal symmetry ( d i r e c t l y  above t h e  temperature 
minimum or maximum) t h e  4 i n t e g r a t i o n  g ives  t h e  f a c t o r ,  
2n. 
(67) i s  
The func t iona l  form of x from Appendix B, equat ion 
The i n t e g r a t i o n  f o r  8 is  over t h e  whole su r face ,  f o e o ,  
The limits f o r  t h e  o( i n t e g r a t i o n  are determined by t he  
r e l a t i o n s h i p  for o( and x From <=LO u n t i l  x2 becomes 
nega t ive  t h e r e  i s  always a v e l o c i t y  such t h a t  t h e  o r b i t  
w i l l  pass  through R b s 6  and y,O. 
2 
Hence 
The numerical r e s u l t s  from an  IBM 7090 computer are 
shown i n  f i g u r e s  45-50. 
ana  neiium ai; p o i n t s  of maximum and minimum temperatures. 
F igu res  45 and 46 show t h e  dependence upon d e n s i t y  f o r  t h e  
p a r t i c u l a r  case  of a 3-1 dens i ty  r a t i o  and va r ious  cons t an t  
temperatures .  
dependence. 
d e n s i t y  curves  has  been shown where between 120 km and t h e  
exobase d i f f u s i o n  i s  presumed and above t h e  exobase d e n s i t i e s  
are c a l c u l a t e d  from t h e  o rb i t a l  theory.  Since d e f i n i t e  changes 
from d i f f u s i o n  theory do not appear u n t i l  large a l t i t u d e s  
I n  a l l  cases these  are  f o r  hydrogen 
F igures  47 and 48 show t h e  temperature 
I n  figures 49 and 50 a con t inua t ion  of t h e  real  
are reached, no c o r r e c t i o n  need be made f o r  t h e  f ac t  t h a t  t h e  
exobase i s  non-spherical. 
The gross f e a t u r e s  are  r e a d i l y  apparent .  The he igh t  
d e n s i t y  p r o f i l e  i s  ignorant  of l a t e ra l  c o n d i t i o n s  i n  t h e  
r eg ion  immediately above t h e  exobase . A t  h igher  a l t i t u d e s  
t h e  l a t e r a l  flow t e n d s  t o  smooth t h e  d e n s i t i e s  toward a 
s p h e r i c a l  symmetry between t h e  extremes,, These v a r i a t i o n s  
occur  a t  such large a l t i t u d e s ,  however, t h a t  f o r  a l l  i n t e n t s  
and purposes a d i f f u s i v e  equi l ibr ium type d i s t r i b u t i o n  can 
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Figure 45. Exospheric hydrogen d e n s i t i e s  f o r  constant and 
sinusoidal 3 - l d e n s i t y  exobases and 700' and 
2100° exospheric t empe rat ure E.  
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Figure  46. Exospheric  helium d e n s i t i e s  f o r  constan8 and 
s i n u s o i d a l  3-1 d e n s i t y  exobases and 700 and 
2100O exospheric tempera tures  
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B l t ,  above exobase !km) 
Figure  47. Exospheric hydrogen d e n s i t i e s  f o r  it cons tan t  
exobase densi ty  and s i n u s o i d a l  temperature  
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Figure 68. hssphrir! helium d e n s f t i e 3  for a constan4- 
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Figure 49 Hydrogen densf ties for var ious  sinusoidal 
exobase temperature  v a r i a t i o n s ,  dif fus ion 
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Figuro 50, Helium dens i t fes  f o r  var ious s i n u s o i d a l  
exobase temperature variat ions d i f fus ion  
below the  exobase no-col l fsfon theory above, 
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5 22 Measurements in t h e  Exosphere 
Another f e a t u r e  of a l a t e r a l  f low concerns i t s  
poss ib l e  e f f e c t  on var ious  exospheric measurements by 
v i r t u e  of t h e  n e t  flow ve loc i ty .  For i n s t ance ,  i t  i s  poss ib l e  
t h a t  t h i s  might  produce pe r tu rba t ions  i n  t h e  o r b i t s  of high 
a l t i t u d e  satel l i teso Also photometric measurements concerning 
r a d i a t i o n  emit ted i n  t he  exosphere would con ta in  Doppler 
s h i f t s  due t o  t h e  n e t  r e l a t i v e  v e l o c i t y ,  
An es t ima te  may be made of t h e  average flow v e l o c i t y  
by consider ing t h e  t o t a l  l a t e r a l  flow above t h e  exosphere base 
through a semi- inf in i te  s t r i p  of u n i t  width,  exac t ly  the  
reverse  of convert ing l a t e r a l  flow t o  v e r t i c a l  f l u x ,  This  
flow 3 may be w r i t t e n  i n  terms of t h e  v e r t i c a l  f lux ,  F, as 
ORb 
s i n  % 
(40) 
and t h e  average flow ve loc i ty  would be t h i s  flux divided by 
t h e  t o t a l  column d e n s i t y ,  N, or 
where t h e  approximation 
h a s  been made, Two va lues  f o r  vave which were l a t e r a l  




















maximums (8,-9O0) are 5xldcm sec'' and 5,4~104crn sec'l 
for t h e  1000-1500° helium and hydrogen cases  r e s p e c t i v e l y ,  
These were t h e  l a r g e s t  values t h a t  occurred f o r  each,  I n  
terms of t h e  rms v e l o c i t i e s ,  t h e  helium is about  5% and t h e  
hydrogen about 10% while they are about  1% and 8% of sa te l l i t e  
v e l o c i t i e s  r e spec t ive ly .  However t h e  l o c a l  l a t e r a l  flow 
v e l o c i t y  w i l l  i n c r e a s e  w i t h  a l t i t u d e  so t h a t  i n  t h e  r e l a t i v e l y  
dense reg ion  near  t h e  exobase i t  w i l l  be smaller than  t h e  
average flow v e l o c i t y  and conversely,  a t  high a l t i t u d e s  i t  
w i l l  be larger,  Hence i f  these e f f ec t s  are a t  a l l  observable ,  
it would be a t  h igh  a l t i t u d e s .  
c ‘. 
6 0 a CONCLUSIONS 
The conclusions t h a t  may be drawn from c a l c u l a t i o n s  
of l a te ra l  flow a r e  r a t h e r  d e f i n i t e  w i t h  respec t  t o  t h e  gross 
effects,  
atomic oxygen, and molecular n i t rogen  and oxygen, i s  small 
enough t o  occur without a l t e r i n g  t h e  p i c t u r e  of a d e n s i t y  
d i s t r i b u t i o n  from a d i f f u s i v e  equi l ibr ium one, Second, t h e  
flow f o r  hydrogen and he l ium i s  s u f f i c i e n t l y  large t o  pro- 
h i b i t  ignor ing  t h e  e f f e c t  i n  c a l c u l a t i o n s  of t h e i r  dens i ty  
d i s t r i b u t i o n s .  
F i r s t ,  t h e  flow for t h e  heavier  c o n s t i t u e n t s ,  
The energy flow may be neglected i n  any case.  
These s ta tements  must be tempered by two condi t ions ,  
namely t h e  approximation of t h e  d i f f u s i o n  c o e f f i c i e n t  i n  
c a l c u l a t i n g  maximum d i f f u s i v e  fluxes and more important t h e  
ad-ion of t h e  c r i t e r i o n  for e s t a b l i s h i n g  t h e  exobase, The 
second i s  important because t h e  l a t e r a l  flow i s  d i r e c t l y  
p ropor t iona l  t o  t h e  dens i ty  and w i l l  vary i n  t h e  same manner, 
Fo r tuna te ly ,  t h e  helium and hydrogen d e n s i t i e s  vary slowly i n  
t h e  exobase region so t h a t  it would t ake  a large change i n  
exobase a l t i t u d e  t o  se r ious ly  a l t e r  the  l a t e r a l  flow. 
Severa l  conclusions may be drawn from the  form of 
t h e  flow, but they a r e  rather unspec i f ic  i n  na tu re ,  The 
l a t e ra l  flow w i l l  demand an  asymmetry a s  pointed out  by 
Donahue and McAfee” from e a r l i e r  work, 
seen from t h e  dens i ty  d i s t r i b u t i o n s  y i e l d i n g  zero  ne t  flow. 
They con ta in  an  approximate 2,5-1 maximum t o  minimum dens i ty  
r a t i o ,  A d i s t r i b u t i o n  ly ing  between t h i s  and t h e  escape flux 
d i s t r i b u t i o n  for hydrogen would have a l a r g e r  r a t i o  and 




between this and the diffusive equi l ibr ium d i s t r i b u t i o n  for 
helium would have a smaller r a t i o ,  Added e f f e c t i v e n e s s  of 
t h e  ze ro  flow d i s t r i b u t i o n s  i s  &I t h e  fact  t h a t  they are 
gene ra l  and imd e pendent of exoba se choice 
The problem of c a l c u l a t i n g  the  exact  e f f e c t  of t h e  
flow on d e n s i t y  d i s t r i b u t i o n s  has  not  y e t  been attempted, 
It could be approached i n  two ways, If a s teady  s t a t e  so lu t ion  
i s  desirable, d i f f u s i o n  equat ions i n  t h e  exosphere could be 
coupled t o  l a t e r a l  flow i n  t h e  exosphere,  much a s  escape 
i s  included i n  t h e  d i f f u s i o n  equat ions  for hydrogen. Unfor- 
t u n a t e l y  an  exac t  s o l u t i o n  is not r e a d i l y  ava i l ab le .  Perhaps 
t h e  b e s t  way t o  proceed would be by successive appyoximations 
wi th  a l t e r n a t e  c a l c u l a t i o n  of l a t e r a l  flow and v e r t i c a l  den- 
s i t i es  using the information from one i n  t h e  o the r ,  I n  t h i s  
case  t h e  f luxes  would have t o  be scaled down, however, t o  
avoid divergences.  
The second approach would be t o  cons ider  a time 
dependent atmosphere with both v e r t i c a l  and l a t e r a l  d i f f u s i o n ,  
t h e  l a t e r a l  d i f f u s i o n  replacing l a t e r a l  flow a s  c a l c u l a t e d  
here.  This i s  probably permissible  i n  t h e  lower exosphere 
s i n c e  t h e  atmosphere seems t o  act  l i k e  a d i f f u s i v e  one i n  t h i s  
reg ion  anyway. 
Each of t h e s e  processes must conta in  assumptions 
about  t h e  boundary condi t ions ,  not only w i t h  respect t o  t h e  
d e n s i t i e s ,  themselves,  but a l s o  w i t h  respect t o  t h e  Flows,  
A d e f i n i t e  knowledge of such cond i t ions  must be known before 























It does n o t  seem l i k e l y  t h a t  evidence could be 
ga thered  experimental ly  d i r e c t l y  involv ing  t h e  l a te ra l  flow 
as  i n  s e c t i o n  5,22, Experimental support  would then  have t o  
ar ise  from measurements on a n  atmosphere t h a t  has  been altered 
due t o  t h e  presence of the  flow,, Obviously, d e n s i t y  rneasure- 
ments on helium and hydrogen would be t h e  most l i k e l y .  
I n  summation, then,  t h e  p a r t i c u l a r  features  of t h e  





5 )  
Dif fus ive  equi l ibr ium i s  un l ike ly  f o r  H e .  
Hydrogen should have a very complicated l a t e r a l  and 
v e r t i c a l  v a r i a t i o n ,  a t  l ea s t  with respect t o  i t s  
t h e o r e t i c a l  determinat ion.  
Real d i s t r i b u t i o n s  of H and H e  w i l l  be determined 
by d i f f u s i o n  and l a t e r a l  flow and a l s o  by t h e  


















APPESDIX A, DIFFUSION EQUATIONS 
Qccording t o  Chapman and Cowling35 t h e  general  
equat ion  of d i f f u s i o n  f o r  a binary gas of c o n s t i t u e n t s  
1 and 2 may be writ ten: 
where t 
= d i f f u s i o n  v e l o c i t i e s ,  - '1 9% 
q , n 2  = number dens i t ies ,  
a c c e l e r a t i o n s  due t o  e x t e r n a l  fo rces ,  
mass d e n s i t i e s ,  
d i f f u s i o n  c o e f f i c i e n t  
t o t a l  number dens i ty ,  
t o t a l  p ressure ,  
t o t a l  mass dens i ty ,  













The four terms r e p r e s e n t  diffusion due t o  t h e  non-uniformity 
of composi t ion,  p re s su re ,  and temperature  and due t o  e x t e r n a l  
f o r c e s ,  
If t h e  reg ion  of atmosphere of i n t e r e s t  i s  considered 
t o  be plane para l le l ,  t h e  v e r t i c a l  d i f f u s i o n  w i l l  be: 
(43) 
where w1 and w2 a r e  t h e  v e r t i c a l  components of d i f f u s i o n  
v e l o c i t y ,  Us ing  t h e  r e l a t i o n s h i p s  
- p=m n 
where z, the mean molecular mass, i s  de f ined  by: 
and applying t h e  idea l  gas law, 
P = nkT, 
























equat ion  (43) reduces to: 
i 
I n  t h e  case of d i f f u s i v e  equi l ibr ium, w1-w2=0, and 
I f  thermal d i f f u s i o n  i s  neglected,  i.e. MT =O, equation 
(45j  has t h e  solution: 
(45) 
(46) 
where t h e  index i refers t o  t h e  i t h  component, 
t h e  f a m i l i a r  barometric formula for d i f f u s i v e  separat ion.  
This  i s  
If component 1 i s  not i n  d i f f u s i v e  equi l ibr ium but 
i t  i s  a minor component such t h a t  
then  equat ion (44) may be w r i t t e n  f o r  t h i s  i t h  componentt 
(47) 
One case of importance t h a t  involves  a non-zero d i f f u s i o n  






















at d i f f e r e n t  a l t i t u d e s  w i t h  no loss o r  ga in  between, 
c o n t i n u i t y  (now w r i t t e n  as i n  a s p h e r i c a l  geometry) imposes 
a r e s t r i c t i o n  on t h e  d i f fus ive  f l u x ,  S i ( z ) 9  namely 
s i ( z )  t n i ( z ) w i ( z ) = S i ( a )  (48 1 
where Rh i s  the  geocent r ic  r ad ius  of l e v e l  h o  
t h e n  becomes upon s u b s t i t u t i o n  of (48) 
Equation (44) 
and has t h e  solution: 
(49) 
a g a i n  ignoring thermal d i f f u s i o n ,  
For small va lues  of Si(a), t h e  steady s t a t e  so lu t ion ,  - 
n i ( z ) ,  i s  t h a t  f o r  d i f f u s i v e  equi l ibr ium,  ni(z) .  
p o s i t i v e  values  (flow out a t  t h e  t o p ) ,  t h i s  s o l u t i o n  w i l l  
be reduced from t h a t  f o r  d i f f u s i v e  equi l ibr ium,  w h i l e  f o r  
l a r g e  negat ive va lues  (flow i n  a t  t h e  top)  t h e  s o l u t i o n  i s  
enhanced. 
For larger  
For a s u f f i c i e n t l y  l a r g e  p o s i t i v e  value of S i ( a ) ,  
t h e  steady s t a t e  s o l u t i o n  becomes negat ive a t  some a l t i t u d e ;  
Hence a maximum f l u x ,  S i  
tween l e v e l s  a and z may be def ined  by t h a t  f l u x  which will 
reduce t h e  dens i ty  t o  ze ro  a t  l e v e l  z, or i n  terms of 





















equat ion  (47) , 
max 
Any flow greater t h a n  Si (a) w i l l  g ive t h e  non-physical 
s i t u a t i o n  of negat ive d e n s i t i e s  somewhere between l e v e l s  
a and Z .  
The d i f fus ion  c o e f f i c i e n t ,  D i ( z ) ,  f o r  t h e  case of 
hard sphere e las t ic  c o l l i s i o n s ,  aga in  a s  der ived i n  Chapman 
and Cowling35, may be writ ten: 
where oli i s  t h e  c o l l i s i o n a l  cross-sect ion.  
I n  t h e  p a r t i c u l a r  case where planetary escape a c t s  
as a s ink  a t  t h e  top  of t h e  atmosphere and an equiva len t  
source i s  a v a i l a b l e  from below, Si(a) may be determined by 
r e l a t i n g  i t  t o  t h e  escape flux: 
(53) 
where b i s  t h e  exobase a l t i t u d e  and w:" t h e  e f f u s i o n  
v e l o c i t y  a s  def ined  i n  sec t ion  2,3. S u b s t i t u t i o n  for ni(b) 

















from equat ion (47) i n  equation (53 )  y i e l d s  
Dif fus ion  i n  a lateral d i r e c t i o n ,  say t h e  y 
dire 'ct ion,  f o r  a minor  cons t i t uen t  without thermal d i f -  
fus ion,  from equat ion (431 i s  
If there i s  no l a t e r a l  flow of t h e  bulk atmosphere, 
and us ing  t h i s  and the perfect gas law 
P = l i  k? 


















APpENI)u[ Be ORBITAL RELATIONSHIPS 
Given a p a r t i c l e  of v e l o c i t y  v a t  an angle  OC t o  
t h e  radial d i r e c t i o n  when a t  t h e  r a d i a l  distance Rbp i t s  
t r a j e c t o r y  i n  t h e  e a r t h ' s  g r a v i t a t i o n a l  f i e l d  fs given by: 
where 
X f ,  V
ve sc 
% VeSc= 2g(b)Rb= escape v e l o c i t y  a t  
9 = angle  t r ave r sed  by p a r t i c l e  i n  o r b i t a l  plane,  
If equat ion (58) i s  solved f o r  t h e  t r a j e c t o r y  
may be expressed as: 
( 5 9 )  
where 
A s &  -1. 
X2 


















For t h e  p a r t i c u l a r  case of y = l 9  L e ,  t h e  angle traversed 
by t h e  p a r t i c l e  between leaving t h e  sphere r=R 
equat ions  (59) and (60 )  become 
and r e tu rn ing ,  b 
cos $. = [A+cos XJ2tsin2r 
[A+cos rI2+ s i n 2  Y 
(62) 
I n  a similar manner, if equat ion (58) i s  solved f o r  
)(=20(, 
These i n  t u r n  when y = l  reduce to: 
F i n a l l y ,  solving equat ion (58) for x yields 
x2, l -cos  JI 
0 











APPENDIX C, LATERAL FLOW UNDER SYMBdETRY CONDITIONS 
The v a l i d i t y  of t h e  l a t e r a l  f l ux  equat ion  may be 
checked by c o n s i d e r a t i o n  of t h e  case  of a s p h e r i c a l  symmetry 
i n  both d e n s i t y  and temperature ,  
e q u a t i o n  (32) may be wri t t en t  
Under t h e s e  c o n d i t i o n s  
where now 
2kT 
With t h e  proper  limits of i n t e g r a t i o n  t h i s  becomes 
1/; 1 - 2 / A 2  / 4 2n 
Fin= 2 f)31cesc[ dxx3exp [-Ex3 (-dcose) (1+A2c ose) 
-A2 ( 1 --c o sd) 
0 
4 7 r  
1 
I 
For each  of t h e  two terms the  
0' i n t e g r a t i o n s  are of the form: 




Substitution of these in to  equation (69) yields: 
The equation f o r  the  outgoing f lux is: 
p" 312 1 v2 Pout = n@) vegC I d x d e x p  [-Ex'] I sirucosddd d p  
0 0 0 0 
1 
Equations (70) and (71) are ident ica l  and hence 
the net f l u x  i s  ze ro  as i t  must be i n  a symmetrical s i tuat ion.  
APPENDIX D. INFLUENCE OF LATERAL FLOW ON THE DIURNAL VARIATION 
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